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Foreword 

'1'0 t h e  F i r s t  E n g l i s h  E d i t i o n  

13oiriitlnry~lngcr t.llcory is tho cornerst.onc of our knowledgc of the flow of air 
:mtl ot,l~t,r fllritls of small viscosit,y under circttn~stanccs of interest in many enginerr- 
ing nl)plir:~l.ions. Thus many complex problems in serodynamics have been rlnrifictl 
by a st.utly of the flow wit,l~in the bountlary layer and its effect on the gcncral flow 
nrou~ltl t , l~c body. Srlch prol)lcms inclutle t,lw variations of minimum drag antl 
maxinl~iin lift of airplane wings with Reynolds number, wind-tunnel t , r ~ r l ~ ~ ~ l e n c r ,  
; L I I ~ I  o(.licr pnrnmctcrs. Even in Lho~c cascs wltcrc (I complete mat~hemnt,iral nnnlysis 
is at. ~wrsc:nl~ imprarlic;tblc, t,lic I~ounrlnry-laycr concrpt, has been ext.morcliri:~rily 
fr11ilF111 nntl ~ t s r f r~ l .  

'rho tlevclopn~cnt of boundnry-layer theory during its first fift,y ycars is a fas- 
c,i~~nl,ing illt~stmtion of thc birth of a new concept,, its slow growth for many ymrs  
in the hnntls of its creator and his nssociat.es, its bclated acceptance by otllers, and 
the sul)srquct~t, almost exponcnt.inl rise in the number of cont.ribut,ors t,o it.% f u r t l m  
devclopmcnt. 

The first decade followir~g the classical paper of Pranclt,l in 1904 brought forL1i 
f w c r  t.11n.n 10 papers by Pmntlt,l antl his st~idents, a rate of about o m  pn.pcr per 
yew. I h r i l ~ g  Llie pnsL yr:w ovrr 100 p:tpcru were publiultcd on various n ~ p c c t , ~  of 
bor~rt(l:~.ry-ln~~cr t,hcory and rclatctl nxpcrirncnl.s. 1 % ~  nn.me of 11. S(hlicl~t.ing first. 
nppc:ws in 1930 with his tloct,oral t,hesis on the subject of wake flow. Short,ly therc- 
nft,cr Sclllicht,ing rlcvoted major effort to  the problcm of the stability of Intninnr 
I~onntlxry-layer flow. 

Rly own intercst in !,tic cxpcrinlrntal aspcct.~ of boundary-layer flow begnn in 
laltc l:~l,c t.wcnl,ics. Wibh t,hc n.pponr;cncc of Scllliclll,ing's pnpcrs in(.cnsivc trl,t~r~rr~l~l.s 
were ~nntle t.o find the amplifictl tlisturbanccs prctlict,cd by the theory. I'or 10 yc:m 
the cxprrimcnl.al rcsult,s not only failctl to  conlirm thin theory Imt s ~ r j ) p ~ r I . ~ ( i  1.Itc 
idea that  t,r:rnsition res~llt,etl from the presence of trrrb~llcncc in the I'rcc air sl.rcwn 
as described in n theory set forlh by G. I. Taylor. Then on a well-rrmcmhcrctl day 
in Augi~st,  1940, thc predicted waves were seen in the flow near a flat plnt,c in a 
wind tunnel of very low turbulence, The theory of stability described in t,llc pnpcrs 
of Tollrnien and Scl~lichting was soon corifimedquantitativelyaswellasr~ltalit~~t~iv~~y. 

German periodicals available in the United States after the war refcrred to  a 
series of lectures by Sctllichting on boundary-layer theory which had been published 
in 1942. This document of 279 pages with 116 figures was not available for some 
time. An English translation was given Limited distribution as NACA Technical 
Memorandum No. 1217 in 1949. These lectures were completely rewritten to  include 
material previously classified, confidential, or secret from Germany and other countries. 



xvi I'orcworcI 

Thc result was t . 1 1 ~  l)onk or 483 pages and 206 figuros publisl~ctl in 1061 in the Gcrrnnn 
Inng~tagn. \Vhcn t,llis book bcca.mc Icnown t,o rcscarcll workers and educntors in 
t,llc Unit,oti St.ntcs, t.l~cro was nn inunctlint.c request from srvrral quarters for an l h g -  
MI t.mnslal.ion, sinro no rnrnpar:~blc book was nvnilnhlc in the 1Snglish Inngungr. 

'I'hc tcc:l~t~ical contcnt. of t h  present. I':t~glisl~ etlit.io~t is dcscril~ctl in  t,hc nr~thor's 
prcf:~c.e. 'l'hc c~npl~:mis is 0 1 1  t,l~o ftlntl;rmrl~l;rI pllysiral itlras rntd~cr ~ , I I :L I I  on mntl~c- 
tn:lt.ic.:tl rrfinrlnrllt,. RIt:t.l~otls of t,llcort:t,icnl n n : ~ l ~ s i s  qrc sot forth dong  with s11c:l1 
rxlwrirnont~d tln.t,n as arc pcrt.in(-nt t,n (Icfinc the regions of applic:tbilit,y of 1I1o 
I~llcwrc:l~icnl rcsult.s or t.n givr: 1i11ysic:rl it~sifillt, i ~ ~ t , o  t , I ~ t :  p l ~ c ~ ~ o m c n n .  

\Vasl~ingtot~ I). C., 1)corml)cr 1064 I l u g l ~  I,. I ) ry t l rn  

Author's Preface to the Seve~itl~ (English) Edition 

Whcn J decided in 1075 to writ,c n new rclit,ion of t.11i.q boolc I cnmc t,o t,llc con- 
clusion t.l~nt, t.l~o prccrt l i~~g sc:qncnrc of n (lcvlnnn rdit,ioll followc:tl I)y nn 15nglisl1 c:clit.iotl 
was no longrr prscticnltlc. 'I'hc rcnsotl for it wn.8 lllc 11cnvily incronsrtl cost, of p.int,ing. 
Conscqncntly, I suggrst.rcl 1.0 the bwo publishing cornlmnics, G .  llrnun in I<nrlslwl~c 
and McCrnw-llill in New York, to produce n ncw edition only in the Englisl~ Iang~tage. 
I express my t h n k s  t,o I)ot.l~ I'ul)lisl~ers for their ronscnt,. 

The subtli~ision of tile 1)oolz into fotlr parts (Ikndnrncntd laws of ~ t i d i o n  of a 
viscous fluid; h n i n n . r  houndnry layers; Trnnsit,ion; 'I'urbulent bountlnry 1;~yt.r~) 
has ltorn retainrrl. Concerning thr  rcrlrliliom I win11 to mcnt,ion n few. Owing 1.0 t.11~ 
xtlvrnt, of large rlcctronic comput,r:rs it.  Iiccntne possil)lc t>o tn.cklc Inany ~ ~ ~ . t ) l ) l v t r ~ s  

thnt wwc c:onsitlerccI nnsolvnble in tho past,. These inclrttlc rlumcric:n.l solr~t~ions of 1.111: 
Navier-St,okes cqr~at~ions for moderntely large Reynolds numbers (Chap. IV) ,  nutno- 
ricsl integration of tho boundary-layer equntions for laminar nntl turbulrnt flows 
(Chap. ZX), n8 well RS t,he expLicit nntnerienl int.rgr:~t.ion of the 0rr-So1111t~~l.r~ltI 
equation of the theory of ~ t a b i l i t ~ y  of laminar boundary lnyrrs (Chap. XVI). An-  
other sultjcct newly t,nlcrn into nccount nrc cxnct sol~~t~iol ls  of the Nnvier-St,olcc~a 
cqu:~t,ions for the non-st.c:~tly st,ngr~nlion flow (Cl~np. V),  t31~c tltcory of t.111. I : ln~i~~:t.r  
Itonr~tlnty lngcr of  scrontl ortlor (Chap. V I I  nntl LX). 7'110 scc:tions o n  t ,I~t:  ( : :~lrr~l:~I io11 01 
two-tlinletlsion:~I, inconiprrssiblc, t,urbulcnt boundary Inycrs (C1in.p. S X I  I),  on t l ~ c  
st,abilit,y of Inn~inar boundary layers wit.11 compressibility and heat-t,rnnsfbr c:flccl.s 
(See. XVlIe) ,  nntl on losses in nnscn.tle llows (Chnp. X XV) Ilavc: bee-n c ~ ) ! ~ ~ l ~ l r t c l y  
revised. 



xviii Ar~t,l~or's Prefncr t.o tho Seventh (Englisl~) Er1it.ion 

Along with this ncw material, I fee1 t,hat I ought, t o  niention the topics which I 
spcoifioally omit,t,ctl l,o include. I do not, discuss t,he effect of chemieal reactions on 
flow processes in boundary laycrs as  they occur in the presence of hypersonic flow. 
The sarnc applios t.o I)onndnry Inycrs in rna.gncto-fl~~itl-clytin~~tics, low-dcnsitty flows 
and Rows of non-Nowt,onian fluids. I still t.11onght that  T ought to  refrain from giving 
a.n rxposit,ion of t,lir st,at,ist,ical t,heory of t,ttrl)~~lenrc in this etlit,ion, as in t,hc prcviolls 
OIICR, hrrnusc n o ~ ~ ~ d n y s  t.l~crc arc avnilnblc otlrcr, good prcscnt,nt.ions in I,oolr form. 

Oncc again, t,hc lists of refcrenccs have bcen expanclcd considcrahly in many 
rhnpt,crs. The nurnl~cr of illust,rations increasctl by about G5, hut 20 old ones havc been 
omit,t.cil; the number of pages increased hy about 70. In  spite of t,his, I hope that  
t,he original character of t,liis book has becn retained, and that  it, still can provide 
tlie reader wit,l~ a bird'.?-e?y view of this important branch of the physics of fluids. 

As I worlrrd on the new manuscript I once more enjoyed t,hc vigorous assistance 
that I rcccivetl from scvrral of my professional collcagues. Professor K. Gersten con- 
t.tihutctl sect,ions on boundary layers of second orrlcr t,o the part on laminar boundary 
lnycrs (Seas. VIIf ant1 I X  j )  . This is a special field which he successfully worked out 
in rccent ycnrs. l'rofcssor T. K. Fnnneloep contributed the completely reformulated 
sc-ct.ion on the nurncrical inkgration of t,hc boundary-layer equations included in 
Scc. I X i .  In t.hc part on turbulent boundary layers, Professor E. Truckenbrodt 
provitlcrl me witall a new version of the largest portion of Chapter X X I I  on two- 
dimensional and rot~ationally symmetric boundary layers Dr. 1,. M. Mack of the 
California Institute of Technology was good enough to contribute a new section on 
the  stability of boundary layers in supersonic flow, Sec. XVIle.  Dr. J. C. Rotta  
tliorougl~ly reviewed Part  I) on turbulent boundary layers and made many additions 
to it*. For the Russian litcrxtnre I rccrivstl nlurh help from Professor Milrhailov. The 
translation was once again cnt,rustctl to  Professor J. Kestin's competent pen I ex- 
press my sincerc thnnlrs l o  all tliose gcntlcmen for thcir valuable cooperation. 

I should also like to  rcpcat my aclrnowlcdgemcnt of thc hclp I rcceived from 
scvernl professional friends whcn I worked on the fifth (German) edition Nat.urally, 
their contributions havc now bcen rctaincd for tlie seventh edition. This is the ex- 
tcnsivc contribution on comprcssiblc hminar bountlary layers inChapter XIIT written 
by Dr. F .W.  Rirgcls, Profcssor I<. Grrsten's section on thermal boundary layers in 
Chapter XI1 and Dr. J .C .  Rotta's text on compressible turbulent boundary laycrs in 
Chapter XXII I .  

I rxprcss my thanks to Frau Gerda Wolf, Frau IIilde Kreibohm and Mrs. Leslie 
Gintin for the careful preparation of the clear copy of the nianuscript; Frau Gerda 
Wolf was also very hrlpful for me in thc library. Mesgrs. Rotta, Iiummel and Starlre 
were kind cnougli to asgist wit11 the reading of the proofs 

J,ast,, hut not Irnst, thnnlzs arc rllte to Vcrlag Braun for thcir willingness to  accede 
to rny'wishrs and for thc pleasing apprarancc of the ltoolr 

Translator's Preface to the Seventh (English) Edition 

The present is the fourth edition in the English language of Professor IT. Sclilioh- 
ting's "Gren7,schicht-Theorie". Once again, the new edition was prepared in c l o ~ c  
cooprrntion wit,h thc Author whoni J visit,rtl acvcral t,irnc%s in (.hct,t.ingen to finnlizo 
tho  content,^ and the wording. I wish to t,lrnnlr I'rofcssoi. St:ltlicht.ing for his hospit.nlit.y 
and M ~ R s ~ R .  McGrnw-Ilill for pnrthl  financial nssistnnce in conncxion wit.11 t.hc:sc trips. 

This time there was no German print,ed editmion and t,he modifications int,roducstl 
by the author were transmitted directly to  me. 

I owe a debt of gratitude to  Profcssor 11. E. Khalifa for his help in t.he task of 
proof-reading. My wife, Alicin, prepared the authors' and the subject. inclcxes and 
compet,ently t,yped them under difficult circumstances. My secretary, Mrs. Giarin in 
Providence, and Mrs. Icreibohm in Gocttingen expertly typcd tlrc manuscript; 1 
express to  them my sincere thanks for their paticncc. Both puhlishcrs, Mcssrs. 
G. Braun of ICarlsruhe and Messrs. McGraw-Hill of New York, spared no trouble, 
as on past occasions, in meeting our wishcs regnrding the production of tlic book. 

Providence, Rliode Island, August 1078 ,J. K e s t i n  

G~r t~ t ingcn ,  August, 1978 FIerninnn S c h l i c h t , i n g  



From Author's Preface to the First (German) Edition 

Since :t,I~o~tt, the Ocgit~ning of 1 . 1 1 ~  twrrcnt ccnt,ttr.y niot1t:rn rcsr:~rclt in t , I t ( *  l i t* l t l  

of fluitl clyn:rntics has :~clticvctl grcat sut:ccsscs nntl Itas h : n  able to provitlc :I Cllc:. 

oretiral clarific:ttion of obscrvc:tl pltcnonwna which tJlc scicncc of rlnssirnl Ilytlro- 
tlyn:imics of t,ltc ~)rocctling c:cntnry failctl t,o (lo. 1kcnLi:~lly t.llrt:c br:tnc:ltcs of l l r ~ i t l  
tlyr~:~rnic,s 11:~vc bccomc p:~rticnlarly well clcvelopctl during t,hc last fift,y years; tllcy 
inclutlc hountlary-layer tl~cory, gas dynamics, and acrofoil Lllcory. 7'1m prcscrit t~ook 
is conccrncd with the branch knnwn as  1)ountl:~ry-layer thcory. This is the oltl(:st 
branch of modern fluitl dynamics; it w:is fou~~tlctl  by 1,. I'mntltl in 1904 wllcn Ilc: 

succcedctl in showing how flows involving fluids of very s~nnll  viscosity, in particular 
wntm ant1 air, the most imporl;:~nt, oncs from the point of vicw of applications, c:ln 
11c m:dc :~tncn:~blc! lo rnnthomr~t,icnI r~nnly.qix. 'l'llis wris rdliovotl by ttiking I.II(: cl1i:c:l.s 
of friction into account only in regions whcrc they arc rsscnt,i:d, namely in tho thin 
boundary layer which exists in t h  irntnctliatc ncigt~bourl~oocl of a solid body. This 
concopt matlc it  possible to clarify many pllcnomona wliich occur in flows and which 
Imtl prcvionsly bccn incotl~pmllcrtsit)le. Most important of d l ,  it, Itas bcconto possiblr 
t o  subject problems connected with thc occurrenor: of drag to a tllcorctical an:tlysis. 
r , l l te scicnco of aeronautical engineering was making rapitl progress ant1 was soon 
&ble to  utilize these t,l~coretical results in pract.ical applications. I t  tfitl, furthertnorc, 
pose many problcms which could be solvctl with the aid of the ncw bonntla.ry-layc:r 
theory. Arronautical engineers have long sinco matlc: the conccpt of a tmuntlary 
layer one of everyday use and i t  is now unt.hir:Icable tm d o  without it,. In other fieltls 
of lnaclline design in wltich problems of flow occur, in particular in the design of 
t,url~ornacl~incry, the theory of boundary layers made much slower progress, I,trt, 
in motlcrn tin:es t,hc:sc rlcw conccpt,~ Itavo come to t,hc fore in suc:I~ applic.ztions as  well. 

r 7 I he prcwnt 1)ooIt Ims hcrn writhxi principally for cnginecrs. I t  is thc olzt.comc: 
of a course of Icct,urcs which the Author tlclivcrctl in t,llc Winter Scmcstcr of 1941/42 
for the scinnt,ific worltcrs of tho Aoronauf.ical Itcscarch Institut,c in I3r:~11nscl1wcig. Tho 
stll)jtwt. mnttcr has bcclrt utili;r.ctl aftcr tho war in  nlany spc(:i:d 1cct11rt:s 11cld a t  t l ~ c  
ISngitleering Univcrsit,y in 13munschwcig for s t t d c n b  of rnccl~anical engineering ant1 
physirs. Dr. IT. IIahnclnann prepared a set of locturc notes :iftcr the first sorics 
of lectures \rat1 been givcn. 'L'lrcsc were rcad mxd amplifier1 by t.hc Autlior. They wwc 
subscq~lcr~tly published in mimeograpltctl form by the Office for Scicrltific I)ocu- 
rncnt,at.ion (Zontmlc fiir wisscnschaft~lichcs 13cricltt~swc.scn) nntl tlist.rit~nt.ntl 1.0 :t 

lirnit,crl circle of intcrcstctl scicntifir: workors. 

Several years after the war tho autdtor tlecitlcd con~plkt~cly to re-edit, this older 
c:ompilat.ion and to publish it  in the form of a book. 'l'hc t h o  sccrnctl ~~art icular ly 
propitious becausc i t  appeared r i p  for thc publication of a comprel~cnsivc I)ook, 
and because t.hc results of tltc research work carried oul, tlt~ring fhc last trn t.o twcnt,y 
yrxm rounrlctl off trltc wltolc ficld. 



'She book is tlivitlctl i n k  four main ptrts. 'L'hc first, part contains two intro- 
tluct,ory ch:tpters in which t,hc funtlamcnti~ls of 1)onntlary-layer theory arc cxpoundetl 
without, the use of mathematics and then proccccls to  prepare tho matl~ernatical 
and physical jllstification for the t l~cory of laminar bourulary laycrs, and includes 
the theory of thormal boundary Iaycrs. Tho t,llird part is concerned with the plleno- 
menon of transition from laminar to  t,urbulent flow (origin of turbulence), arid the 
fourth pert is devoted t o  tnr l~ulcnt  flows. It is now possible to  take the vicw tha t  
the theory of laminar boundary laycrs is complete in its main outline. Tho physical 
relations have been complctcly clarifictl; the meifhods of calculation have been 
largely worked out and have, in many cascs, bccn simplified to such a n  extent, tha t  
they should present no difficulties to  engineers. Jn discussing turbulent flows use 
has been made essentially only of t,hc scmi-empirical thcorics which derive from 
Prant l t l '~  mixing length. T t  is true that  according to present views these theories 
possess a number of shortcomings but nothing superior has so far been devised 
to take their plate, nothing, tha t  is, which is useful to the engincer. No accour~t 
of the slstistical theories of tr~rbulcnce has been inclutlcd because they have 
not yet attained any pract.ical significance for engineers. 

As int,imat,cd in the t.itle, the emphasis has bccn laid on thc thcorcticnl trcatmcnt 
of problems. An attcmpl, has bccn made t.o hring thcse consiclcrations into a form 
which can he rasily graspctl by engineers. Only a small numl~cr of results has hccn 
quoted from among Ifhe very voluminous oxperimcntal material. They have bccn 
chosen for their suitability to  give a clear, physical insight. int,o the phenomena and 
to proviclc direct rcrific:rtion of thc t.l~cory prcsentcd. Some examples have been 
chosen, namely those a~sociat~ctl with tur1)nlcnt flow, because they constitute the 
fonntlation of the semi-empirical theory. An attempt was made to tlcmonstrat,e 
that  essential progress is not, mndc through an accum~~lat ion of extensivc exprrirnental 
rcsriltn but rather through a small number of fundamental cxperiment,~ hacked by 
theoretical consitlerat,ions. 

Brarmschweig, October 1050 - I I e r m a n n  S c h l i c h t i n g  

Introduction 

Towards the end of the 19th ccntury the science of fluid mechanics began $0 
dcvclop in two tlircctions which had pmct,ically no points in common. On t,hc onc 
side therc was the science of theoretical hydrody~tamics which was evolvctl from 
Euler's equations of motion for a frictionless, non-viscous fluid and which achieved a 
high degree of completeness. Since, however, the results of this so-called classical 
science of hydrodynamics stood in glaring contradiction t o  experimental results - in 
particular as  regards the very important problem of pressure losses in pipcs and 
channels, as  well as with regard to  the drag of a body which moves t,hrongh a mass 
of fluid - i t  had litt,lc practical importance. For this rcason, practical cngincers, 
prompted by thc need to solve the i~npor t~an t  prok~lcms arising from the rapid 
progress in t,echnology, developed their own highly empirical science of  hydraulic^. 
The scicnce of hydranlics was based on a large number of cxperinlentd tlal,a :mt l  
difl'ercd greatly in its mct,l~ods antl in its objccts from the scicncc of t.hcorct,icnl 
hydrodynamics. 

At  the beginning of the present cent.ury L. Prandtl clisti~lguished himself by 
showing how t o  unify thcse two divergent I~ranchcs of fluitl dynamics. H e  achieved 
a high degree of correlation between theory and experiment and paved the way 
t o  the remarkably successful development of fluid mechanics which has taken place 
over tlhe past sevent,y years. It had bcen realized even bcfore l'randtl tha t  the discre- 
pancies between t,he results of classical hydrodynamics and experiment. were, in 
very many cases, due t o  the fact tha t  the theory neglected fluid friction. Moreover, 
the complete equations of motion for flows with friction (the Navier-Stolres equa- 
tions) ha.d been known for a long time. However, owing to the great mathematical 
difficulties connected wit,ll the solution of t,llcse equations (with the  exception of :L 
small uuniber of particular cascs), tho way t o  a thcorcticnl treatment of viscous 
fluid motion was barred. Furthermore, in the case of the two most important fluids, 
n:~mcly water antl air, the viscosity is very small and, conseqnently, tho forccs 
due t o  viscous friction are, generally speaking, very small compared with the 
remaining forces (gravity and pressure forces). For  this reason i t  was very difficult 
to comprehend that  t,he frictional forces omitted from thc classical theory influenced 
thc motion of a fluitl to  so large an extent. 

In  a pzpcr on "Fluid Motion with Very Small Friction", read bcfore the Mathc- 
maticd Congress in IIeidelberg in 1004, I,. Prandt,lt  showed how i't was possible tJo 
analyze viscous flows precisely in cascs which had great pmctica.1 importance. Wit,h 

Abl~anrllnngc~~ rur 

II. Schlicl~ling and II. U6rtlcr. r o l  I1 p p  ' 15 -584 .  



the aid of thorct ical  considcmtiotis anti scvcrnl simplo oxperimenk, ho provcd t.hat 
the flow about n solid body can be dividod into two regions: a very thin lnycr in t , l~e 
neighbourhood of t.he body (ho~~mla.r?j lmycr) whcrc friction plays an essential part, 
and thc remaining region o n t d c  this laycr, where frict,ion may be ncglcctcd. On 
tho basis of Lhis Ilypot,l~esis I'mntltl succccdctl in giving a physically pct~rt~rating 
nxplnt~at~ion of tlrt:  iml)ort,n.ncc of viscous flows, achicvit~g a t  tho samc timc n maximum 
tlegrcc of simplification of the attcntlant rnatltemntical rlifficnlties. The t,heorct,ical 
considerations werc even tJ~cri snpport,cd by simplc cxpcrimcntn pcrformcxl in a 
small water tonncl which Prn.ridL1 built, wil,h his own hands. I l c  thus took the first 
step towards a re~tnification of tl~cory and pmcticc. This boundary-layer theory proved 
cxtrcmely fruit,ful in that, i t  provided an cKcctive tool for the tlevelopmcnt of fluid 
tlynamivs. Since the  1)cginning of the cnrrcnt century the new theory has been tlcvc- 
loprd a t  n vcry fast r:lta untlcr t,hc atlditionnl st~imulns obtained from the recently 
fountlctl science of aerodynamics. In  a vcry short time i t  hecame one of thc fo~~ndat,ion 
stonrs of modern Ilnid clynamics t,ogcthcr with thct other very inlportant tlevclop- 
m e n k  -- t h  acrofoil theory and thc sciencc of gas dynamics. 

In more recent t,imcs a good deal of at,t,ent,ion has been devotctl to s t d i e s  of the 
mntlirmatirnl just.ification of boundary-layer theory. According to tllcse, boundary- 
layer theory provitlcs us wit,h a first approximation in the framework of a more 
general t,hcory designed t,o ca1culat.e ~ s y m p t o t ~ i c  expansions of t,he solutions to  the 
complet,e equat,ions of motion. The l ~ r o l ~ l c ~ n  is retlucetl to :L so-called singular pertur- 
bation which is then solved by t.hc mct.liod of mat,chcd asymptotic expnnsions. 
I3ountlary-layer t.hrory t,hus providcs us with n cIassic example of the npplication 
of thc met,liotl or singular pcrt,nrbnt,ion. A general presentation of pert>urbation 
rnct,horls in flnid mechanics was prepared by M. Van Dykt:t. The basis of these 
rnat,hotls can be Itraced to 1,. J'raritlt.I's early co~lt~ribut~ions. 

'I'lic 11onntlar.y-layer tlicory finds its application in the nnlcnlxtion of t,he skin- 
friction dmg whic:h ac1.s on a body as i t  is moved t,hrongh a fluid : for example the 
rlr:lg cxpcricncctl by a flat p1n.t~ at,xcro incitlcnce, tilo t1m.g of a ship, of an aeroplane 
wing, aircraft, t~acrl l r ,  or t,rrrl)ine I)latlc. 13o11ndnry-layer flow 11:~s t ,I~c peculiar property 
t.ll:~t, untlor ccrt.airl conditions lhe flow in the imnictliat,c ncighbonrhood of a solid 
wall 1)ccomcs rcvcrscd causing the I~ountlary laycr to  separate from it. This is accom- 
pnnirtl 11y a morc or lrss pronouncctl fonnat,ion of eddies in the wake of t,hc body. 
'J'hus t.hc prcssnrc distribution is rltangcd and differs marlrctlly from tha t  in a 
frict.ionl(\ss strcnm. ?'hc tleviation in prcssurc tlist,ribution from the  ideal is the  
canse of form drag, antl its cniculat.ion is t h l ~ s  made possible with the aid of bouriclary- 
laycr t.llnory. 13ountlary-hycr t,heory gives an answer t,o the vcry i r n p ~ r t ~ a n t  question 
of' w11n.t shape mnst, a hotly t ~ o  given in orclrr to  avoid t.llis dct.rimarital scpn.ration. 
Scpnr:rI.ion m n  also oc.c:ltr in l.llc int.crn:tl flow t.hrorrg11 R (:11nnnc1 ant1 is not, confined 
to rst,rrnnl Ilows past solitl I~otlicx. I'rol~lrms conrrcct,crl with l .11~ How of fluids 
throilgl~ t,hc c l~m~ncls  f t m ~ ~ c t l  by t.hc blntlcs of t,urhomachines (rotary compressors 
ant1 t,url)inos) ran also he 1,rrntrtl wit,ll tho n.itl of 11ountl:~ry-hycr t,Jlcory. I'r~rt.llcrmore, 
~ ~ l w ~ l o n ~ c n n  wllic:l~ occur at, t,llc point of rnn.xirnnm hft, of nn acrofoil and which arc 
assocht,t:tl with s t . : ~ l l i t l ~  (:;I.II 1)c 11ntlcrsI.oot1 only on th r  11n.sis of I~onntlary-layer 

theory. I h d l y ,  problrms of l ~ c a t  transfer I)ctwcwl n solitl hody ant1 n fluitl ( p s )  
flowing past i L  also bclong to thc class of problems in wltic41 l)o~~t~tl:~ry-l:~yc.r 1)11vno- 
mrnn play n dccisivc pnrL. 

At, first the l~ountlary-layer theory was devclopotl rnn.inly for t l ~ c  two of 1:~nlin:lr 
flow in an incon~prcssil)lc fluitl, RR in 1.llis c:uw t h  ~ ) l ) ~ t ~ o ~ n t : t ~ o I o ~ i t : : l . l  I~j,~)oI.I~t-sis 
for shr:~ring st.rrsscs a1rr:ttly cxistctl in thc form of Sto1tt.s'~ I:\w. ' l ' l ~ i s  t , t , l , i t :  W:IS 

sul)scqucntly tlcvclopctl in a 1:Lrgc ~lurnhcr of rcsonrclt p:Lpcrs :LII(I  rt::1(:11vtl s1tt~11 a 
stagc of pcrfoct.ion I h t  a t  prcscnt tltc problem of Intninar llow c:1.11 III: consitlt~rctl 
to  h:lvc hccn solved in its main oullinc. 1,:llcr the Ll~cory w:ls cxl.ot~clt:tl 1.0 int:lurlc 
turl~ulcnt,  incornprcssil)lc bountlary layers which are morc irnportzmt from (ht: poitlt, 
of vicw of practical applications. I t  is true that  in tltc cnsc of t ~ t r l ) ~ ~ l c n t .  flows 0. Iloy- 
nolds introduced the fundamentnlly important conccpt of nppnrcnt, or virt,~tnl tltrl)u- 
lent stresses as  far back as 1880. IIowevcr, this conccpt was in it,sc.lf itisuffioirnt tso 
mn.ke tltc theoretical analysis of turbulent flows possible. Great progress was acllicvecl 
with the intmtlnction of I.'randtl's mixinglcrtgt.l~ thcory (1025) which, t,ogol,hrr wit,li 
systematic cxperimcnt.s, paved the way for the thcorctical ttrcntmcnt of turl1111c1tt 
flows wit,l~ the aid of boundary-ln.yrr t.hcory. llowevcr, a rational theory of fully 
developed turbnlcnt flows is st,ill noncxist.cnt,, antl in vicw of the cxl,rtmc com- 
plexit,y of sucll flows i t  will remain so for a consitlcmhlc time. Onc cannot even be 
ccrtain tha t  science will cvcr be successfnl in  this t,aslr. Tn modern times tho phcno- 
mena which occur in the boundary laycr of R cornprcssiblc flow have becomc the 
subject of intensive investigntions, the impulse having Iwcn provided by thc rapid 
incrcasc in tllc spcctl of flight of motlcrn aircmft,. In  atltlition to  a velocity 1)oitntlary 
laycr suc:h flows dcvclop a tllcrrnal bonntlnry h y c r  ant1 its cxist~cncc phys  :I.U irn- 
portant part in the process of heat txansfcr bctwceri the Iluitl and the solitl body 
past which i t  flows. At vcry high Mach numbers, the surface of Lhc solid wall bccornrs 
heatetl to  a high t,cmperature owing t o  the protlnct.ion of frictional heat ("tllcrrnnl 
barrirr"). This phenomenon prcscnts a tliffic:nlt analytic problem whose ~ o l ~ t t i o n  
is import.ant in n.ircmft tlcsign antl in the ~~ritlcrsl~anding of the motion or satellites. 

r 7 1 he phenomenon of tmnsit,ion from liltninar to  turbulcnt flow which is ~ ~ I ~ ~ : L I I I B I I -  

t.aI for t,he science of fluid tlynamirs was first investigated a t  thc end of t l ~ c  I0t.11 cen- 
t,nry, naniely by 0. 12eynoltls. I n  3914 1,. 1'm.ndtl cnrrictl out, his fnmous expcrimrnts 
with sphcrrs antl ~uccccdc~I in showing that  the llow in Ihc 1)ountlnry layer car1 also I)c 
either laminar or turbulcnt and, furthermore, that, tltc problem of separnt,ion, ant1 
hence the problcm of the calculat~ion of dmg, is govcrnctl by this t ran~it~ion.  Y'hcoreti- 
rat invest,igations into t,he process of transilion from laminar to  tnrbulcnt flow are 
basctl on t.110 acceptlance of Iteynoltls's 11ypot11o~is l,liat tohe la t tm occurs ns a con- 
scclucncc of an instability dcvolopcd by Ihc 1nminn.r 1)onntlary layer. 1'rnntlt.l ittif.int.ctl 
his thcorc1.icn.l investigntion of trnnsition in tllc ycar 1921 ; after marly v:rin cflort.~, 
succcss came in the ycar 1920 wlicn W. Tollmicn compntrd theorct,icnlly t,hc crit,ic:aI 
Reynolds numbor for transition on a flat plate at  zero incidence. Ilowcvrr, nlorc 
t.lran ten years werc to pass 1)efore l'ollmicn's theory coialtl ho vtdficd throngl~ tho 
vcry carcful experin~enLs performed by 11. 1,. 1)rytlcn antl his coworltcrs. Tho stn1)ilit.y 
tltcory is capsblc of taking into account the cKcct of a nurnhcr of parnmctcrs (pmssurc 
gradient,, suction, Mach numlter, transfcr of heat,) on tmnsition. This theory has 
found m ~ n y  important applications, among them in t l ~ c  dosign of scrofoils of' very 
low drag (1aminn.r ncrofoils). 



Modc:rn invcstigalions in id~c ficld of fluitl dynamics in general, a s  well as in  
t(11c ficld of bountlary-hycr rcscarch, are characterized by a vcry close relation 
bc!twcen theory ant1 cxpcrimcnt,. The most important steps forwards have, in most 
cases, barn t,nltcn as a result of a s m d i  numl~cr  of f i~ndamcntd  cxpcrimcnt,~ bacltetl 
by t,hcorot,icnl considcrat,ions. A rcvicw of t J ~ c  tlcvclopmcnt of boundary-layer 
t.Ileory wllich st~rcsscs tllc rnuf,nal cross-fertilization bctwccn theory and cxpcrirncnt, 
is containctl in an n.rliclc writtrn 11y A. lk tz? .  Vor about, twenty years aft,er its 
inccption I)y T,. I'randtl in 1904 thc bonndnry-la.ycr tllcory was being developed 
nln~ost exclwivcly in his own institute in Goettingen. One of the reasons for this 
st.nt,c of nffnirs may well havc been root,cd in the circum~t~ancc that, J'randtl's first 
pnblionthn on boundary-layer theory which appeared in 1904 was very dimcult to  
understantl. This period can be said to have ended with I'randtl's Wilbur Wright 
Meniorial I,ect,ureo which was dclivcrcd in 1927 a t  a meeting of the Royal Aeronautical 
Society in 1,ontlon. In  later years, roughly since 1930, other research worlters, par- 
ticularly t,hosc in Grent nrit.ain and in tllo U.S.A., also took an active pn,rt in its 
tlevrlopmcnt. Toclay, the study of boundary-layer theory has spread all over thc 
world; together with o t h r  branches, it constitutes one of t,he most import,ant pillars 
of fluid mechanics. 

Tho first survey of this I~mnch of science was given by 1%'. Tollmien in 1931 
in two short articles in the "llan~lbnch dcr ISxpcrirncnt~alpl~ysiIr" :. S11orl~I.v aftcr- 
wartls (1936), Prnrdtl p~~l)lishcd a cotnprnl~cnsivc presentation it1 "Aerodynamic 
'J'hcory" ctlitctl I,y W .  I?. Durands. lluring t.he intcrvcning four dccndcs tllc volume 
of rescarch into this subject has grown cnorrnonsly$. According to a review published 
by 11. I,. Drydcn in 195.5, t,hc rate of publication of papers on boundary-layer 
theory reached one hundred per a.nn7r.m a t  that  time. Now, some twenty years later, 
this rate has more than tripled. Like several other fields of research, the t,heory 
of ho~rntlary layers has reachetl a volume which is so enormous that  an individual 
scientist., even one working in this field, cannot be expected to master all of its 
specializctl subtlivisions. I t  is, tl~rrcforc, right that, the task of describing it  in a 
nlotlcrr~ Ilanclboolt has been cnt.rustcd t,o several authorst.  The hist,orical develop- 
ment, of bountlary-layer theory has recently been traccd by I. Tani*. 

. . 
" 1,. J'mllrlI,l, Tho goncmlion of vortiron ill fluirls ofatn.zII viscosit,y (15td1 Wilbilr Wright Memorial 

Jfir(llr% 1!J27). J .  Jtoy. Aoro. Soc. 31, 721-741 (1!)27). 
: (!/. tho bildiogr.zl~hy on 11. 780. 
: I,. l'r:~n(ll,l, T11c 111ecl1a.11irs ol' v i~coun fluids. Arrodynamii~ tl1oory (W. I?. Ihrm~d,  rd.), \'ol. 3, 

34 208, I%crlin, 1935. 
6 11. Schlirh~ing. So~ne tlrvcloprncn(.s of I~oundnry-layer rcsearch in the past thirty years (The 

'I%ird L~t lc l~r~ lc r  Metnorin.l J,rcture, I!W)). J .  h y .  Aero. Soc. 64, 03- 80 ( l%U) .  
Srr nl?lo: 11. Srlilicl~l ing, Rccrrtt progress in houndn.ry-lnycr research (The 37th Wright. Brothers 
I ~ ~ i t r i :  1 t t 1 1 r 1 ,  ! 7 )  \ I  . J t t i r i : ~ l  1 427 - 440 (1!)74). 

* I .  'I':\t~i. Ilislory of I~o~~nrlnry-lilyor rmrnrcl~. A n ~ ~ r i n l  Itrv. rrf Izluid Mwhnnirs 9, 87- 11 t (1977). 

Part A. Fundamental laws of motion for a viscous fluid 

C H A P T E R  I 

Outline of fluid motion with friction 

Most t.Ileoret.ica1 invcst,igat,ions in the ficld of fluid dynamics arc based on the 
concrpt of a perfect,, i. c. frictlionlcss antl incompressible, fluid. I n  the motion of 
s u c l ~  a perfect flnid, two cont,act.ing layers cxpcricnrc no tnngcntinl forccs (sl~caring 
st,rcssrs) b ~ ~ l ,  act  on tach other wit.11 normal forccs (j)rcssums) only. This is cqr~ivalcnt, 
t.o s t a l . i ~ ~ g  tl~nf, a pcrfvct, fluitl olrcrs no inl.crria1 rc~isI.antx to  a c11angc in S I I : I ~ O .  The 
t l~cory describing !,hc motion of a pcrft:cl. lluitl is ~ n a t l ~ c ~ ~ ~ ~ n t . i c : ~ l l y  vcry far tlnvclopctl 
ant1 supplies in many cases a satisfactory dcscril;t,ion of real motions, such as  e. g. 
tlle motion of surface waves or the formation of liquid jets in air. On the ot.her hand 
the theory of perfect fluids fails completely to  account for the drag of a body. In  this 
connrxion i t  leads t o  thc statement tha t  a I~otly wllich moves uniformly t,llrongh a 
fluid which cxt.ends t,o infinity experienccv no drag (tl'Alcmbcrt.'s pamtlox). 

'Pliis unacceptable result of thc thcory of a pcrfect Iluid can be traccd t o  the fact 
that. t.11e inner layers of a real fluitl tmnsmit t,angent,ial as well as  normal stresses, 
this lxing also the case ncar n solitl wall wetted by a fluid. Thesc tangential or frict,ion 
forccs 111 a rrxl Ilnitl arc conncctctl with a propertry which is callctl the viscosil?/ of 
thc Ilnid. 

IZccai~sc of tho almnce of t,angcnt,ial forccs, on the 1)oundary bctwccn a perfect 
llnitl : ~ t ~ t l  a. solitl wnII Lhcrc cxist,s, in gcnt~rnl, :I. tlilrrrcncc in rc~l:~l.ivc t,:~ngrnl.i:il 
vrloc.it.ics, i. c. t.11crc is slip. On t,hc other hi~ntl, in r(::11 l l ~ ~ i ( l s  the cxi~t.cn(:t~ of int.cr- 
molecular att,ractions causcs thc flnitl to  adl~crc to  a solitl wall antl t,his gives risc 
l,o slrraring stmsscs. . , 1 hc exist,cncc of tangcnlial (sl~caring) s,,rcssc:s n r ~ l  lhc condiliols 01 ,to d i p  n(::~.r 
solitl walls const.itut1e the essential tliffcrcnccs bctwccn a perfect and a real fluid. 
Clert,ain fluids wl~ich arc of great, practicd imporl,ance, such as water and air, havc 
vcry smnll coefficients of viscosity. In  many instances. t l ~ c  motion of such llwids ol 
sn~nl l  viscosity a.grccs vcry well wit.11 tha t  of a perfect Iltritl, bccausc in most cases the - - 
shearing stressc?~ arc vcry small. For this reason the cxist,cncc of viscosit,y is corrlplctcly 
nrglcct.cd in the t,heory of perfect fluids, ma.inly bcca.11se this introdnccs a far-reacl~ing 
simplificatiott of the equations of mot,ion, as  a result of 

' ext.cnsivc niathe- 
matical theory I~ecomcs possilh. 11 is, I~owcvcr, islpm&, ss the fact that, 














































































































































































































































































































































































































































































































































































































































































































































































































































